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ABSTRACT 

Integer roots of a polynomial equation and Fermat‟s last theorem for n=3, 5. 
        R.A.D.Piyadasa, Department of  mathematics, University of Kelaniya  

 

                       (Dedicated to late professor S.B.P.Wickramasuriya)                                                                              

We have found that a simple theorem[1] is capable discarding all integer solutions  of a special 

class of prime degree polynomial equations. In this contribution a special form of a cubic and 

quintic is explored using this theorem and Fermat‟s last theorems for 5,3n  are easily proved. It 

should be noted that Fermat‟s last theorem for 3n  has been proved by Euler in 1770. But in 

his proof he did not fully establish the key lemma required in the proof. Paulo Rebenboin[2] 

claims that he has patched up Euler‟s proof and Edwards[3] has also given a proof of the Key 

lemma of Euler‟s proof using a Ring of complex numbers. However, in this author‟s point of 

view, none of these proofs is easy to understand. Proof of Fermat‟s last theorem for 5n  has 

shared by two eminent mathematicians, Dirichlet and Legendre. Their proof, however, is 

difficult and lengthy. The main objective of this contribution is to provide simple proofs for the 

Fermat‟s last  theorems for  5,3n . 

A special cubic related to Fermat’s last theorem for n=3. 
We have obtained [4]the parametric solution of the equation,  

                                               .1),(,333  yxxyz                                    (1) 

in the form 

                                       33 hughx m                                        (a)                                

                                31333 uughy mm                                                   (b)              

                           331333 huughz mm                                                (c)  

where  we have assumed that y  is divisible by .3  This assumption we have made is quite 

general since zyx ,,   in (1) can  be replaced by   zyx  ,,  .Parameters in (a),(b) and (c) must 

satisfy the necessary condition that                           

                      033.2 31333   uughhg mm
                                  (d)   
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In this equation 3,,, hgu   are co-prime to one another and the positive integer 2m . One can 

prove Fermat‟s last theorem for 3n  by showing that there is no integer root g  satisfying (d) 

for fixed .,, mhu  

1. Proof  of Fermat’s last theorem for n=3.                                                                                                                                                     
This equation is of the form 

                            03 333  wvuvgg                                                                         (2)                            

where 132  muhuv  , 331333 3 huwv m    and its roots for g  are given by[5] 

 wvwvwv  22 ,, ,   being the cube root of unity .Discriminant  of the equation is 

]3.4)3[(]3.143[ 33332331363333626 huhuhhuu mmmm   ,which is negative when 

0uh  or 0uh .Hence, the equation has only one real root[5],namely , wv  .Due to a lemma 

proved in ref..1 the equation has an integer root of the form hjm 13  unless 0uh  .Now, we 

will show that 1,1  hu  are not accessible. Assume, for example 1,1  hu .Then the 

integer solution must have the form 12.3 1 m   or 23 1 m . Then we must have 

131)2.3( 13331   mm or 132)3( 13331   mm , which never holds. Therefore the equation has 

no integer roots in this case. It is easy to verify that the equation has no integer solutions for all 

values of  1,1  hu . Now assume that 1h .Then hjg m  13  is the integer real root of 

the equation. In order for hjg m  13 to be an integer root of the equation , hjm 13  must be a 

factor of 33133 hum  ,which follows from (d). As a result of this, we can write 

                   ]3.2)3)[(3(3 2113313 uhhjhjhu mmmm                                           (3) 

In other words, - jm 13   is a root of the polynomial equation 03 3313  hum  in h .From which, 

we obtain 033 333313   ju mm  and hence 339 ju  .This contradicts our assumption that j is an 

integer and therefore (d) has no integer roots. This completes the proof  of Fermat‟s last theorem 

for 3n . 

2. Proof of Fermat’s last theorem for n=5.                                                                                                                                                     
It can be shown ,as in the case of 3n  that, in order to prove the Fermat‟s last theorem for 

5n , one has to prove that the equation  

                             055.2 51555   uughhg mm
                                                       (4) 

has no integer roots for g  , where 5,,, hgu  are co-prime to one another and the positive integer 

2m .Proof is exactly the same as in the case of 3n and we deduce that integer solutions of the 

equation is of the form hjg m  15 . Also, we must have  

          ]5.2)5)[(5(5 4115515 uhhjhjhu mmmm                                                    (5) 

Therefore jh m 15   must satisfy the polynomial equation in h  given by  

                   05 5515  hum                                                                                             (6)   

In other words , we must have 5545 ju    and  hence j   can not be an integer. Therefore (4) has 

no integer solutions and our proof is complete. It should be noted that the solutions 

corresponding to 1h , 1u  can be discarded  easily in this case as well. 
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